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CN| ■ Abstract. We consider integrable open chain models formulated in terms of 

generators of affine Hecke algebras. The hierarchy of commutative elements (which 
are analogs of the commutative transfer-matrices) are constructed by using the fusion 
procedure. These elements satisfy a set of functional relations which generalize 
functional relations among a family of transfer-matrices in solvable spin chain models 
of U q (gl(n\m)) type. 
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1 Introduction 



In our recent paper [1] the non-polynomial baxterized solutions of reflection equa- 
tions associated to the affine Hecke and affine Birman-Murakami-Wenzl algebras 
have been found. From these solutions one can produce (see [1] for details) polyno- 
mial solutions proposed in [2], [3] for the Hecke algebra case. Relations to integrable 
chain models with nontrivial boundary conditions were also discussed in [1]. 

In this paper we concentrate to the investigation of chain models formulated in 
terms of generators of the affine Hecke algebra. Let braid elements {<Ti, . . . , cxm} 
and affine operator yi be generators of the affine Hecke algebra Hm+i(q) (for the 
definition of Hm+i(q) see next Section). In [1] we have suggested to consider an 
open chain model with the Hamiltonian 



M t 
n M = T,^ + (q-q- 1 )^- eH M+ i(q), (1.1) 

03 i 

where £ is a parameter of the model. This parameter fixes the boundary conditions 
for the chain and results from the non-polynomial solution [1] 

/ n vi-£x 



yi - ^x' 1 



of the reflection equation (see eq. (2.10) below; x is a spectral parameter) associated 
to the affine Hecke algebra. The model (1.1) generalizes the XX Z open spin chain 
model and, as it was shown in [1], this model describes universally a set of inte- 
grable systems for any representation of the algebra Hm+i(i)- The most interesting 
representations of Hm+i(q) (from the point of view of applications) are the so-called 
i?-matrix representations. It is known that the Hecke algebra can be realized via 



lr This work was supported by the grants INTAS 03-51-3350 and RFBR 05-01-01086-a 



1 



i?-matrices in the fundamental representation for U q (gl(n)) [4], [5] and U q (gl(n\m)) 
[6]. For U q (gl(n\m)) case this realization is 

p(a t ) = J^" 1 ) ® ® i*<"-0 =: iWi , 

where J G Mat{n + m) is the identity matrix and i? is the braid form of fundamental 
i?-matrix for U q (gl(n\m)) (the explicit form of R is presented in Conclusion). For 
the affine element we have 

p( yi ) = L ® I® M =: L l5 

where elements of L G Matin, + m) are generators of U q (gl(n\m))-type reflection 
equation algebra R^LnR^Li = LiR^L-^R^- All these i?-matrix representations p 
lead to integrable chain systems with the Hamiltonians p{Wm), where T-Lm is defined 
in (1.1). Considering the special case of the £/g(g/(2))-type representation p of the 
algebra Hm+i we reproduce from (1.1) a Hamiltonian for the XX Z open spin chain 
model with the general boundary condition for one side of the chain. In view of this 
we call the model formulated in terms of the generators of Hm+i with the universal 
Hamiltonian (1.1) as the open Hecke chain model. 

In this paper the hierarchy of commutative elements (which are analogs of the 
transfer-matrices) are constructed for open Hecke chain model by using the algebraic 
version of the fusion procedure [7], [8], [9]. The transfer-matrix type elements satisfy 
functional relations which generalize functional relations for transfer-matrices in 
solvable open chain models (see, e.g., [10], [11] and refs. therein). 

The paper is organized as follows. In Sect. 2 we give the definition of the 
affine Hecke algebra and recall the algebraic formulation [1] of the system of open 
Hecke chain. In particular we investigate commuting transfer-matrix type elements 
which are generating functions for the higher Hamiltonians of the model. In Sect. 
3 the algebraic description of the fusion procedure for the solutions of the reflection 
equation and for the transfer-matrix type elements are presented. In this Section 
we deduce the functional relations for transfer-matrix type elements of the open 
Hecke chain. In Sections 4 and 5 we discuss the Temperley-Lieb "quotient" of 
the Hecke model for which the closed functional equations for the transfer-matrix 
type elements can be deduced. We note that this analysis is closely related to the 
approach proposed in [12] for the investigation of spin chain systems constructed on 
the base of the Temperley-Lieb algebra of special R- matrices. In Conclusion we 
discuss briefly the interrelations between the algebraic approach of this paper and 
standard reflection equation technique [13] developed for the investigation of the 
open chain systems. 

2 Open Hecke chains 

A braid group Bm+i is generated by Artin elements cr, (i = 1,...M) subject to 
relations: 

<7j a i+1 <7i = <7j+i <7j <7j+i , <7j <7j = (Jj <7j for \i - j\ > 1 . (2.1) 
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An A-Type Hecke algebra Hm+i(q) is a quotient of the group algebra of the 
braid group Bm+i by additional Hecke relations 

o?-l = \<Ti, (i = l,...,M), (2.2) 

where A := (q — q~ l ) and q G C\{0} is a parameter. Let i G C be a spectral 
parameter. We introduce baxterized elements [4] (see also [6], [15]) 

a n (x) := cr n - xa' 1 G H M +i(q) , (2.3) 

which solve the Yang-Baxter equation 

a n (x) a n -!(xy) a n (y) = <7 n _i(y) a n (xy) cr n -i(x) . (2.4) 

and satisfy a n (x)a n (y) = Xa n (xy) + (1 — x)(l — y). The normalized elements [1] 

— / \ a n ~ x<J n + ( \ °~n ~ x0 ~ n /n r\ 

obey the unitarity condition e^(rr) e^(a; _1 ) = 1. These baxterized elements are 
useful for the definition of symmetrizers A^ n and antisymmetrizers A\_^ n [n = 
1, 2, . . . , M + 1) in the Hecke algebra Hm+i '■= Hm+\{q)- The operators Af_^ n can 
be defined inductively by using recurrent relations [4] (see also [15] and references 
therein) 

^1-m+l = ^l^n e n( ( l T2n ) ^l^n > := 1 5 (2-6) 

and obey 

<Tj Af_,„ = Af^ n Oi = ±g ±x Af_> n (i = 1, . . . n - 1) , 

^-f-m ^f->-m = ^f-m = Af^. m Af_^. n (Vn > m) , Af_+ n Af_ i . m = , (2.7) 

ef(x) A^ n = Af_ n ef(x) = A^ n (i = 1, . . . n - 1) . 

An afline Hecke algebra Hm+i (see, e.g., [14], Chapter 12.3) is an extension of the 
Hecke algebra H M+1 . The algebra H M +i is generated by elements <7j (i = 1, . . . , M) 
of i?M+i and afline generators y k (k — 1, . . . , M + 1) which satisfy: 

J/k+i = o-fe J/k <7 fc , y k yj = yj y k , yj a t = a t yj (j ^ i, i + 1) . (2.8) 

The elements form a commutative subalgebra in H M +i, while symmetric func- 
tions of y k form a center in Hm+i- 

One can prove by induction that the element 

y n (x) = ff„-i(^ L 7 )---ff 2 (f)ffi(f)yi(^)ffi«i)ff 2 (a:6)---^-i«n-i) , (2.9) 
solves (V£i, . . . , G C\{0}) the reflection equation 

a n (x z' 1 ^) y n (x) a n (x z) y n (z) = y n (z) a n (x z) y n (x) a n (x z' 1 ^) , (2.10) 
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where yi(x) G Hm+i is any local (i.e., [yi(x),(Jk\ = VA; > 1) solution of (2.10) for 
n — 1. In [1] we have found such local solution which is rational in y\ function: 

yi-£x 1 

where y\ is the affine generator of the algebra Hm+i and ( 6 C is a parameter. 
The operator y\{x) (2.11) is regular yi(l) = 1, and obeys the unitarity condition: 
yi(x)y\(x~ l ) = 1- Below we consider the special form of the element (2.9) (when all 

& = 1) 

y„(x) =<r n _i(a:)---<T2(a;)<Ti(a:)j/i(a:)<Ti(a;)<T2(a:)---<T n _i(a:) , (2.12) 

which is a Hecke algebra analog of the Sklyanin's monodromy matrix [13]. The 
elements (2.12) has been used in [1] for the construction of the integrable chain 
systems. 

Consider the following inclusions of the subalgebras H± C H 2 C . . . C H M+1 : 
{yi,a 1 , . . . , cr„-i} = H n C # n+ i = {yi,cr 1 , . . . , cr n _i, a„} . 
Then, following [1] we equip the algebra Hm+i by linear mappings 

Tr D ( n+ i) : H n+ i — > H n , 

from the algebras H n +i to its subalgebras H n , such that for all X,X' G and 
F G # n +i w e have 

Tr D(n+1) (X) = J D(°)X, Tr D(n+1) (XFX')=XTr D(n+1) (F)X' , 
Tr^+^^XO = Tr D(n) (X) , Tr D{n+1) (Xa n X') = XX' , (2.13) 
Tr D{1) (yl) = D { V , Tr D(n )Tr D(ri+ i)(<T n F) = Tr D(n) Tr £)(n+ i ) (Fo- n ) , 

where G C\{0} (A; G Z) are constants. We stress that could be considered 
as additional generators of an abelian subalgebra H which extends Hm+i and be 
central in Hm+i, but for us it is enough to put to constants. 

Using the maps Tro( n +\) one can show that the baxterized elements a n {x) (2.3) 
obey the following identity (VlG H n , \/x,z): 

Tr D(n+1) (a n (x) Xa n (z)) = (l-x)(l-z) Tr D(n) (X) + A (l - ^) X , (2.14) 

where 

h 1 

1 - AL>(°) ' 

Applying this identity to the reflection eq. (2.10) we deduce 
where operators 

r n (x) = Tr D(n+l) (y n+1 (x)) (2.15) 
4 



form a commutative family [r n (x), T n (z)] = (Vx, z) (see [1]). 

Now we formulate the open Hecke chains using the operator analogs of Sklyanin's 
transfer-matrices [13]. In our case these transfer-matrix operators T n (x) are the 
elements of H n and represented by (2.15) where the solution y n+1 (x) of the reflection 
equation is taken in the special form (2.12): 

r n (x) =Tr D{n+1) (y n+ i(x)) =Tr D(n+1) (a n (x) ■ ■ ■ a^x) yi (x) a^x) ■ ■ ■ a n {x)) , (2.16) 

where yi(x) is any local and regular solution of (2.10) for n — 1 (e.g. one can take 
the operator (2.11)). The local Hamiltonian of the open Hecke chains is 

n— 1 \ 

n n = E^-o^ 1 )- (2 - 17) 

m=l 1 

This Hamiltonian (up to a normalization factor and additional constant) can be 
obtained by differentiating r n (x) with respect to x at the point x — 1. The Hamil- 
tonian (2.17) describes the open chain model with nontrivial boundary condition on 
the first site (given by the second term in (2.17)) and free boundary condition on 
the last site of the chain. The Hamiltonian (1.1) is obtained by the substitution of 
(2.11) in (2.17). 

It follows from (2.14) that the transfer-matrix operator T n (x) (2.16) satisfies 
recurrent equation 

r n (x) = A(l - j)y n (x) + (1 - xfr^x) , (2.18) 



which can be solved as 

b 



r n (x) = A(l - ^) ( E (1 -xf k y n - k {x) ) + (1 -xf n Tr D(1) ( Vl (x)) , (2.19) 

fe=0 / 



where monodromy elements yk(x) (2.12) are the solutions of the reflection equation 
(2.10) for n — k. 

Consider the open chain model with free boundary condition for both sides of 
the chain, i.e. yi(x) — 1. In this case we deduce from (2.19) 

r n (x) n(x)=1 = Tr D(n+1) (a n (x) ■ ■ ■ a 2 (x) <jf(x) a 2 (x) ■ ■ ■ a n (x)) = 

(2.20) 



= \(l-£)j n (x) + (l-x) 2n DW =:T^ 



x) 



where J n (x) are special polynomials in spectral parameter x of the order (2n — 2): 



fn-2 



J n (x) = E (1 - x ? k *n- k -i(x) ■ ■ ■ o*{x) ■ ■ ■ a M {x) + (1 - xf^ 



\k=0 

/2n-3 



= A (1 + x) y E C 1 - X T ^x) 2n ~ 3 ~ a Jaj + W) , (2.21) 
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and f n (x) are scalar polynomial functions of x: 

W) = E(l - Xf k ((1 - xf + AV)"^" 1 + (1 - xf^ . 
k=0 

The representation (2.21) follows from equations 

a k (x) = (1 - x)a k + Ax , <j 2 k (x) = A(l + x)(l - x)a k + [(1 - xf + \ 2 x 2 ] . 

Since the transfer - matrix type elements r n (x) form a commutative family 
[r n (x), T n (z)\ = 0, we have from eqs. (2.20), (2.21) a set {ji,j 2 , ■ ■ • , 32n-z] of (2n-3) 
commuting elements of the Hecke algebra H n . It is clear that 

J n (0) = ■ ■ - a 2 - ■ ■ <7„_i + <7 n _ 2 • • • of • • • 0„_2 + . . . + a\ + 1 = 

n— 1 m 

= ^EEK' ■•ffm-lVm-l • • - <7fc) + 71 = Aj 2 n-3 + /n(0) , 
m=l fc=l 

and the operator j2n-3 (as well as J„(0)) is a central element in H n . On the other 
hand we have 

J'JX) = -2A 2 - 3 (e m ) + 2\ 2n ~ 2 {n - 1) = -2A 2 - 3 j\ + £(1) , 

\m=l / 

and according to (2.17) we obtain that 

n-1 

h = ^i /ree) = E *m , (2-22) 

m=l 

is the Hamiltonian for the open Hecke chain with free ends. 

For the first nontrivial case n = 3 we have the set of commuting elements 

jl = 01+CT2 , J2 = 0102 + 0201 , h = 02 01 02 + 01 + 02 • (2.23) 

The element ji is the Hamiltonian %^ ree ^ for the open Hecke chain and j$ is a 
central element in H%. The characteristic identity for the Hamiltonian ji = TL^ ree ^ 
is calculated directly: 

tii + 25 _1 )0'i - 2g)0'i - A - 1)0'! - A + 1) = . 

and it means that Spec^^*" 6 ^) = (2q, — 2q~ 1 ,X ± 1). The first two eigenvalues 
(±2g ±1 ) correspond to the one dimensional representations oi = ±q^ (i = 1,2) of 
H3. The doublet (A ± 1) corresponds to the 2-dimensional irrep of H$(q) (for the 
representation theory of Hecke algebras see [15], [16], [17] and refs. therein). 
For the next case n = 4 we obtain the following set of commuting elements 

jl = ELl °i » h = {01> 02}+ + {02, 03}+ + 20 3 01 , 

h = {0103, 02}+ + (01 + 03)02(01 + 03) + A0301 + 2 ELi 0j , 

H = {020302 , 0l}+ + {020102, 03}+ + {02, 03}+ + {02, 0l}+ , 
jb — 0102030201 + 020302 + 010201 + 01 + 02 + 03 , 
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The coefficient j'5 is a central element in H4. We note that the longest element in 
H4. j = <Ti<t 2 o'30"iO"20"i = (j5 — — A) — j'4 commutes with the Hamiltonian 

ji = H ( / ree \ The spectrum of T-L^^ consists of the eigenvalues: (±3g ±1 ) for two 
1-dimensional irreps, (2q — 2q — q' 1 ± y/2) and (— 2q~ l + q, — 2q~ l + q± a/2) for 
two dual 3-dimensional irreps, and (|A ± \\/q~ 2 + 10 + q 2 ) for 2-dimensional irrep 
of H 4 . 

Remark. Consider the element j of the braid group B M +i 

j := (<Ti • • • <7Af)(01 • • ■ CT M _i) • • • (<7i<7 2 ) ■ CTi . 

This element commutes with the element (X^i^i) °f the group algebra of Bm+i, 
since <7j j = j (Jm+i-i- Thus, for the Hecke quotient H M+1 of group algebra of B M+ i, 
the element j G Hm+i is a conservation charge for the model of the chain with the 
Hamiltonian (2.22). U sing the longest element j G H n one can show that 

operators (2.20), (2.21) are invariant under the mirror transformation a k -H- a n _ k . 
It demonstrates the mirror symmetry of the open Hecke chain described by the 
Hamiltonian (2.22) with respect to the exchange of the first and last sites of the 
chain. 

3 Fusion for baxterized solutions of reflection 
equation 

The fusion procedure for the solutions of the Yang-Baxter equation has been pro- 
posed in [7], [8]. The fusion for the solutions of the reflection equation was considered 
in [9], where it was applied to the investigation of the XXZ open spin chain model. 
In this Section we formulate the fusion for the solutions of the reflection equations 
in terms of the affine Hecke algebra generators. Below we use concise notations 

e*:=e+(aO, y\ := Vl (x) (3.24) 

for baxterized elements e„(x) (2.5) and solutions yi(x) of the reflection equation 
(2.10). 

The reflection equation (2.10) can be graphically represented in the form 




Fig. 1 

Considering the sequence of the pictures 
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Fig. 2 

etc., one can easily construct fusions for solutions of the reflection equation. Indeed, 
the algebraic expressions for these diagrams are 

— 2 2 2 2 —2 

Y^ 2 {x) = e? ■ [yf e\ q y x l q ] = e\ ■ yi-+ 2 {x) , 

Y^tx) = [ef ef 4 e\ 2 ] ■ [yf ef q2 yf e? q4 ef q * yf] = [ef ef* ef\ ■ y^ 3 (x) , 

(3.25) 

where we have used the concise notations e^,yf (3.24). The formula which general- 
izes (3.25) is 

Y 1 ^ k (x) = Af^ k ■ y^ k (x) = y^ k (x) ■ A+^ k , (3.26) 

where 

/ \ x r x 2 q 2 xq 2 i r x 2 q 4 x 2 q 6 xq A i r x 2 q 6 x 2 q s x 2 q 10 xq 6 -\ 

yi^k{x) ■= yf [ei y x q \ [e 2 e 1 y x q \ [e 3 e 2 e l y x q \ ■ ■ ■ 

x 2 ? 2(fc-l) x 2 q 2k x 2 q 2(k+l) x 2 q 2(2k-4) X 2 q 2(2k-S) xq 2(k-l) 

' ' ' [ e k-l e k-2 e fc-3 ' ' ' e 2 e l Z/l J 5 

and yi_>.fc(a;) is obtained from yi_+ k (x) by writing it from right to left (the second 
equality in (3.26) is obtained with the help of the Yang-Baxter (2.4) and reflec- 
tion equations (2.10) and can be justified immediately from the consideration of its 
graphical representation analogous to Fig. 2). The corresponding fusion for the 
baxterized elements is given by the expression 



(3.27) 



/ \ a-\- a+ x xq 2 xq 2 ( k - 1 ) _ 

Cl->k,k+l^-2k{X) — ^l^k ' A k+1^2k ' a k+l^l a k+2^2 ' ' ' a 2k^k = 

- A+ A+ xq~ 2( - k ~^ xq~ 2 x 

= n l^k ' A k+1^2k ' a k^2k ' ' ' °"2^£i+2 a l^k+l ) 

where 

n x - P ^" 2(fc_1) . . . P x 1~ 2 P x P x - P x p x( l 2 . . . pm 2{k ' 1] 

CT fc+l«-l ~ e fe e 2 e l j — e l e 2 e fe 

The elements (3.27) solve the highest Yang-Baxter equations. One can check directly 
(by using the graphical representation of the type Fig. 2) that (3.26) and (3.27) 
satisfy the equation 

0-\^k,k+1^2k(x 2T 1 ) Yi^ k (x) (Tl^k,k+l^2k{x Z) Yx^z) = 

(3.28) 

= Yl-tk(z) a l^k,k+l^2k(x Z) Yi^ k (x) 0"l^fc,fe+1^2fc(^ Z^ 1 ) . 

which is a fusion version of the reflection equation (2.10). 
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The highest transfer-matrix type element (x) which corresponds to the fusion 
solution (3.26) of the reflection equation (3.28) is 

r<*>(*) = Tr D ^ k) (Y^ k (x) ) = Tr D{ ^ k) (A^ k ■ y^ k (x) ) . (3.29) 

In particular we have for k — 1, 2 

r^(x) = Tr D{1) {yl) , r< 2 >(s) = Tr D(1 _ 2) {ef y\ [ef «" yf 2 ]) ■ (3.30) 

Below we need the following Lemma. 
Lemma 1. In the Hecke algebra the following identity holds (Vx) 

4"-* " " " ^""l = [af^at^ ■ ■ ■ of of] . (3.31) 

where Af_^ k are symmetrizers (2.6). 

Proof. We prove eq. (3.31) by induction. Let (3.31) is correct for some fixed k. 
Consider the left hand side of (3.31) for the case k — > k + 1 

AU k+1 H +1 af ■ ■ ■ af k ] = [ef 2 • • • e f* ] AU [of ■ ■ ■ of*] = 
= (3.31) = [el 2 ■ ■ ■ e\T\\ 2k \ o* k+1 [ofoff^ • • • of] A^ k+1 = 
= (2.4) = Kilaf^ ■ ■ ■ of]of [ef ■ • • ef^ef+T] Af k+1 = 

= w x S---*f*i]AU k+2 

This equation is equivalent to (3.31) for k — > k + 1. □ 

Proposition 1. The transfer- matrix type elements r^ k \x) (3.26) satisfy the follow- 
ing identity 

T ik \x)T {1 \xq 2k ) = 4>' k {x) T ik+1 \x) + 4>l{x) t^\x) , (3.32) 
where coefficient functions are 

(l-sVH- 1 ) (l - x 2 q 2 ^) 



(l-x 2 q 2k b~ l )(l-x 2 q 4k - 2 ) ' 
_ g-2*) (l - x 2 q 2 ^b- 1 ) (l - x 2 q 2 ^) 



(1 _ g-2(fc+l))(l _ q 2)k (I _ x 2 q 2k b -lj (J _ x 2 g 4fc-2) 



and 



T M(x) = Tr D ^ k+1) {[af 4 ■ ■ ■ o( A^ k ] ' ViW*)) , 
zs a new transfer-matrix type element. 
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Proof. Using identity (2.14) for z = b/x we deduce 

r ]k (x)r^(xq 2k )=r ]k (x)Tr D{1) (yf k ) = 

f x 2 q 2k 2 q 2(k+l) 2,2(2*-!) 2* , 2,2(2*-!) ZT^k - 

— J- ro(fc+i) I L e it e k-i • ■ ■e 1 \y 1 L e i " ' e fc 

where 

_ (1 -xV( 2fe - 1 ))(l-a;V fc 6- 1 ) 

- (1 _ x 2 9 2(fc-l))( 1 _ x 2 ? 4fc 6 -l) • 

Thus, we have 



%WT«(x)rW(^)=T Wl) ^•yi^ + iW[er 4 ' 1 - 2 •••e^]J (3.33) 

One can represent the identity element as linear combination of two baxterized 
elements 



1 = + (^ :,-»)A g >tf»- := ■ (3-34) 

Taking into account eqs. (3.34), (3.31) we write eq. (3.33) in the form 
rW(x) r«( V) = Tr D(1 ^ fc+1) + A+_ fc ) • 

'[ e fe e k-i ■■■e 1 y 1 \e x •••e fc I — 

(3.35) 

= (3.31) = Tr +l) {{AU k+1 y^{x)ef^ • • • e?H + ,£0,. 



| — / \ r x 2 q 4k - 2 x 2 q 2k xq 2k -\ a+ x 2 q 4k-2 x 2 q 2k q 2 

-i r D (i^k+i) yi^k\ X ) ' i e k ' ' ' e l Hi J /i 2^fc+l e l ' " e k a k 



D(l-»fc+l) 
-2 2 

Since cr^ +1 = one can deduce the equation 



(1-x) 

°k+i(q 2 )e k (x)a k+l (q 2 ) = _ _ ^_ a k+1 (q 2 )a k (q 2 )a k+1 (q 2 ) , (3.36) 



which leads to 

-fc-i 



2^2 A A A _ ( g )( 1 ggg^T)V 2 2 n 

I 1 - Q ) I 1 - ^i^J 

(3.37) 



We have also the following identity (see last eqs. in (2.7)) 

b 6 



^-l^k+l l e l e k J — ^l^fc+l • V ' 
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Finally using (3.37) and (3.38) we obtain for (3.35) 

r) k (x) r^(x)r^(xq 2k ) = r( fe+1 )(x) + 

i q - k -Hi-g- 2k ) (1 ".vj t - i ) ) Tr ( A + . m , /.u/.../ 

+ (l_g-2(fc + l))(!_g2)fe (1 b n— -t 'z3 (1 ^ fc+1) ^l-ffe i/l-^fc+lW L°l ^fc-l^fc J J J 

which is equivalent to (3.32). □ 



4 Temperley-Lieb quotient for the Hecke chain 
model. 

Eqs. (3.32) are not closed with respect to the set of the transfer-matrix type elements 
r^ k \x) (3.29). To obtain closed set of relations we need to consider special quotients 
of the Hecke algebra H M +i- In this Section we consider a Temperley-Lieb quotient 
Hm+\ which is defined by imposing the additional constraints on the generators 
(*i e H M+1 (i = l,...,M): 

cr t (q 2 )a t±l (q 4 )a t (q 2 )=0. (4.39) 

These constraints are equivalent to the vanishing of the third rank antisymmetrizers 
A~^. i+2 = (2.6). Moreover, they fix the parameter (or b): 

= Tr D(i+1) (^(q^a^a^q 2 )) = ^~M 2 ) (Tr D(i+1) a,(g 4 )) a^q 2 ) = 
= ^i(<7 2 )(l " ? 4 (1 " AD<°>)) = al^l - <f/b) =► 
b = q 4 , £)(0) = izfl. 

(4.40) 

A Temperley-Lieb (TL) quotient of the affine Hecke algebra, in addition to (4.39), 
is defined by imposing the constraint on the affine generator of Hm+i- 

2 2 2 

yi o\ yi o\ = <A y\ o\ yi = A a\ , (4.41) 

where A = (1 _*-4) {D {2) - q(D^) 2 ) G Hq is a central element in H M +i- In the 
presence of the map (2.13), eq. (4.41) requires that the affine generator y\ obeys 
quadratic characteristic identity: 

y 2 -qDUy 1 = q- 1 A, 

and after that (4.41) is written in the form a\ y\o\ = q 2 (q 2 — l)D^a\ . Thus, 
this factor of the affine Hecke algebra coincides with the one-boundary TL, or blob, 
algebra [18], [19]. 

The constraint (4.41) also leads to the constraints 

Vf 2 Vl of = of y{ ef«- 2 =: A<°> (z) of , (4.42) 
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where y\ G Hm+i is any local solution of the reflection equation (2.10) for n — 1 
and A(°\z) is a central element in H M +i- 

Proposition 2. In the case of the TL quotient for the open Hecke chain, the 
functional relations (3.32) are closed with respect to the family of the transfer-matrix 
type elements T^ k \x): 

r (k ^x)r (1 \xq 2k ) = (f)' k {x) ^ k+1 \x) + ffi{x) A^(xq 2k ) r (k '^(x) (4.43) 

where r^(x) := 1 and 

(l _ xY^) (l - x 2 q 4k ~ 4 ) 



<t>' k {x) : = 
<(*) := 



(1 - x 2 q 2k ~ 4 ) (1 - x 2 q 4k ~ 2 ) ' 
1 (l - x 2 q 2k ~ 6 ) (l - x 2 q 4k ~ 4 



-q 2 ) (1 - x 2 q 2k ~ 4 ) (1 - x 2 q 4k - 2 ) ' 
Proof. We write (3.32) in the form 

r (k \x)T^(xq 2k ) = (j)' k (x) T^ k+1 \x) + ^(x) A^(xq 2k )- 



Tr D(1 ^ +1) [AU • y M (x) • [ef_f • • • ef ^] [ef ■ ■ • ef ^] [of • • • of 

(AAA) 

Constraints (4.39), which defines the TL quotient for the Hecke algebra, lead to the 
following identities 

°i(q 2 ) <Ti±i(x) o-i(q 2 ) = \q 3 (l - q^x) a^q 2 ) , 
ei(x) e i±1 (xq 2 ) a^q 2 ) = -£(x) cr i±1 (q 2 ) a^q 2 ) (Vx) , 

where £(x) = ^(i-l) • We use these identities to simplify (4.44) by means of the 
following relation 

x 2„2(fc-l) a ,2_4fc-6. x 2 q 2k x 2 g 4 ( fc_1 )i r q 2 q 2 q 2 i 

[e fc _i ■■■e l q }[e k g ■ ■ ■ e 2 ][<r? • • • a q k _ x a q k ] = 
= i e k-i ■ ■ ■ e 2 ][e fc • • • e 3 ]e x e 2 cr?^ • • • ^l-i^l I = 
(-i(x 2 q^)) [ e f_f ■ ■ -ef ^ 8 ][ef ^ • • • ef ^\af of \af • ■ ■ 4-A\ = ■ ■ ■ = 

= m=i(-^v fe - 4 - 2 ")) \44-, ■ ■ ■ 444 ■ ■ ■ 4-A\ = 
= (Ag) 2 ^ ut=\(-^v Mn )) 4 = (-^- 11 t eS$^4 ■ 

Taking into account this relation and identities 

„-2(fc-l) 

.2, r, , . 1 ~ 



T r D{k+1) {.o~l ) — 1 Q 2 /b , Tr D(k) A±_+ k — _ ^-2k+i ^t-yk-i 
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which follow from the definitions (2.6), (2.13), we write (4.44) for b = q A in the form 
(4.43). □ 
Eqs. (4.43) are closed with respect to the set of commuting elements r^(x). We 
note that eqs. (4.43) can be used for definition of elements r^(x) in the case when 
integers k < 0. 



5 T — Q Baxter equation for open chains of TL 
type 

Now we make a change of variables z = xq 2k in (4.43) and put 

Q^(z) := (1 - z 2 q~ 2 ^) r^(zq- 2k ) . 
As a result we write (4.43) in the form 

i? I Z IC\ Q {k) (*) (*) = Q (k+1) N 2 ) - ^ Q {k - l) > (5-45) 

[i z q ) q 

where r^(z) and A^(z) are defined in (3.30) and (4.42), respectively. Introduce 
the generating function Q(z,w) of the elements Q^ k \z) 

oo 

Q(z,w):= Yl w k Q (k \z). 

k=—oo 

Then eq. (5.45) is represented in the form of the T — Q Baxter equation 



£ Z l q ~[\ Q(*> w ) (*) = «;) - Q(zq~\ w) . ( 5. 16 ) 

(1 — 2rg 4 J u> 



We remind that our aim is to find the spectrum of the transfer-matrix type 
operator t^(z) for some fixed determinant function A^°\z). We fix the explicit 
expression for the determinant A^ \z) (4.42) by considering the special model of 
open chain with N sites. In this case the definition of A^(z) =: A$(z) is 

^n\ z ) a N+l = Un+1 e N+l yN+l a N+l (5-47) 

where monodromy element y z N+ i is a normalized version of (2.12) and given by 

y z N+1 = e%(z)y z N e%(z) = ... = e%(z) ■ ■ ■ ef{z) y{ ef(z) ■ ■ ■ e%(z) . (5.48) 

Let y\ be a polynomial in z up to a multiplication by some inessential scalar function 
of z. Such solutions y\ of the reflection equation have been proposed in [2], [3]. We 
note that for the case when y\ is a polynomial in z of order K the transfer-matrix 
type element is represented in the form 

4\z) = Tr D(N+1) (y z N+1 ) = {q _ z 1 q _ 1)2N r N (z) , (5.49) 
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where the element Tn(z) (2.19) is a polynomial in z of order 2N + K. Then, from 
(5.47) we have 

a (0) / \ q 2 _i zq~ 2 zq~ 2 zq~ 2 \ z 2 q~ 2 / z z z \ q 2 
N \ z ) a N+l — \ e N UN e N ) e N+l \ e NyN e NJ a N+l ~ 

zq~ 2 z zq~ 2 z 2 q~ 2 z I zq~ 2 z q 2 \ 

— e N e N+1 y N e N y N [e N+1 e N cr N+1 ) — 
= -i{z/q 2 )e^ 2 e z N+1 (y z ^ 'ep 2 y N 4)4+i = (Z(z/q 2 )) 2 4+i[ a n-i(z)4]4+i = 

= ... = (Z(zq- 2 )) 2N 4+i ■ ■ ■ 4 [yl ef q ~ 2 y z i q ~ 2 4\ 4 ■ ■ ■ 4+i = 

= A<°>(*) {azq' 2 )M) 2N 4+1 

or 

/ /, \ \ 2N 

Ai?W = /C , W(«^A9r = A. W w(^=^j) ■ (5-50) 

We choose the trivial boundary condition yi(z) = 1 which corresponds to the model 
of the open chain with free ends described by the Hamiltonian "H^ re< ^ (2.22). In 
this case the initial determinant (z) is fixed by 

A (0) (z) <? 2 _ *V a V _ -2 (1~* 2 ) o 2 
K z ) a i - e i °i - Q ^ _ z 2 q -4j °i • 

Thus, the functional equations (5.45) are represented as 

(^r^ = Q<* + 'W) + r'j^j (j^f Q^'(^) 

(5.51) 

where we substitute t$ (z) = (^~^prpv and T$ (z) is the polynomial in z of order 
2N (2.20) which has been considered in Sect. 2. 

Eqs. (5.46) and (5.51) could be used (by applying the standard procedure) for 
derivation of analytical Bethe ansatz equations which contains the information about 
the spectrum of the transfer-matrix type operators (z) and, in particular, about 
the spectrum of the Hamiltonians (2.17). 

6 Conclusion 

In Conclusion we briefly discuss the interrelations between the algebraic approach 
presented above and standard technique developed for the investigation of the open 
spin chain systems and based on the matrix reflection equation [13]. 

Consider the i?-matrix representation p R of the afline Hecke algebra Hm+i- 

p R (ai) = Ru+i := ® R ® I^ M ~ l) , 

(6.52) 

p R {yi) = S(LT) Lf := (1/L-) L+ ® I® M . 
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Here / is (n + m) x (n + m) identity matrix; R e End(V^j? m ) is the fundamental 
i?-matrix for U q (gl(n\m)) written in the braid form [6], [15] (for the standard form 
see [20]): 

R = E(-!) w v l ~ m e a ® e a + £(-ip' ] ^ ® e ^ + A E e «® e ^ > 

i i^j j>i 

R 2 = \R + l, (-1) W[21 4 2 = R 12 (-lf m , lim (R 12 ) = V 12 , 

where A = q — g" 1 , are matrix units, [i] = 0, l{mod{2)) denotes the parity of 
the components of supervectors in V n+m , Vyi '■= (—1) P\i is a superpermutation 
matrix [P\ 2 is a permutation matrix) and we have used concise matrix notations, e.g., 
((_l) [11[21 )*i« = (-l^lN^c^. The operator-valued matrices L + {L~) E Mat(n + 
m) are invertible, upper (lower) triangular, and satisfy: 

R l2 Lt(-lf l2] Lt = Lf(-lf m LfR 



12 , 

[l][2] T _ T _. 1N [1] [2 ] - ; ( 6 - 53 ) 



R\iL 2 (— 1) L l — L 2 (—1) Lf R 12 . 

We prescribe to the elements (-^ ± )j the grading ([i] + [j]). According to the approach 
of [5], L^ 1 are matrices of Cartan type generators of U q (gl(n\m)). Note that, in the 
representation p R (6.52), the solution (2.11) has the form 

pR ^ X ^ = (Lf - \x-^) {Lt ~ ixL ~ l] =: Kl{x) ' (6 ' 54) 

and one can immediately check that (6.54) solves the reflection equation (2.10) 
written in the i?-matrix form 

R 12 (x/z)K 1 (x)R 12 (xz)K 1 (z) = K^z) R 12 (x z) K^x) R 12 (x / z) , (6.55) 

where 

Rnn+l( x ) '■= Rnn+l ~ x R n n+l = Pll{?n) j 

is the .R-matrix image of the baxterized element (2.3). To prove (6.55) one needs 
only the fact that K(x) (6.54) is represented in the factorized form L _1 (£/o;)Z/(£:c), 
where the operator-valued matrix 

L(x) = (L + - xL~) , (6.56) 

defines the evaluation representation [14] of the affine superalgebra U q (gl(n\m)) and 
satisfies the intertwining relations 

Ri2(x) L 2 (xy) (-lf l2] Li{y) = L 2 {y) {-if™ L^xy) R 12 (x) . (6.57) 

We note that all grading factors (— 1) [1][2] have disappeared in (6.55). The comulti- 
plications for the quantum superalgebras with defining relations (6.53) and (6.57) 
have the usual form AL^ 1 = ^^L* 1 and AL(x) = L(x)®L(x) ) where <g> is a graded 
tensor product, i.e., (a ®b)(c® d) = {—l) mc \ac ® bd) . 
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We note that reflection equation solutions of the type (6.54) were called in [21] as 
solutions which admit a "regular factorization". Given a matrix L(x) which satisfies 
(6.57) one can construct by means of the standard quantum inverse scatering method 
an operator-valued monodromy matrix of the chain with (JV + 1) sites 

T a (l;, £ N \x) = L a {ix) ® L a (^x) ® . . . <g> L a {i N x) , (6.58) 

where a denotes the number of auxiliary matrix space and ® is a graded tensor prod- 
uct of the operator spaces. The monodromy matrix (6.58) satisfies the intertwinig 
relations (6.57) 

Unix) T 2 (£, . . . \xy) (-1) [1H2] 7I(e, • • • |y) = m, ...\y) (-I)™' 21 Ti(£, • • • \xy) R 12 (x) . 

Then, we construct the two-row Sklyanin's monodromy matrix 

K a (£, 6, • • • , Zn\x) = T a -\Z, ZnIx- 1 ) ■ Tatt, 6, • • • , Zn\x) , (6.59) 

which obviously solves the reflection equation (6.55). The corresponding Sklyanin's 
transfer matrix is given by the quantum supertrace 

tn(£, £l, • • • , €n\x) = Tr a (D a /C a (£, 6, • • • , &v|aO) , (6.60) 

where D l - = (— l) w g 2m +(- 1 ) 1 1 (2»-2m-i) ^ ^5] j g tne ma t r i x f quantum supertrace (for 
the case of quantum superalgebra U q (gl(n\m)) and one can check that this matrix 
is a constant solution of the conjugated reflection equation. Taking into account the 
fact that the monodromy matrix (6.58) satisfies the intertwining relations (6.57) one 
can use a matrix representation in which the image of (6.58) is 

T a (t,ti,...,ts\x) (-l) ([11+ -- +[ " 1)W L a (^)P laJ R la (eix)---P JVoJ R JVa (e jv x) = 

= v Na v N _ lN . . . v 2 sV 12 l 1 ^x)r 12 ^ix) • • • R N -^ N -,x)R N M N x) , 

where we have applied the matrix homomorphism to all factors in (6.58) except 
the first one and 1,2, ... ,N denote the numbers of matrix spaces which replace the 
operator spaces. Then, for the Sklyanin's monodromy matrix (6.59) we obtain the 
representation 

£a(f>fi»---»6vl a ->■ 

R ^)K- 1N (^) ■ ■ ■ ^(Sii)ii^4 2 (6^ • • • R N -u*(t„-i*)K.(M = 

= PR (4(^)4-i(^t) • • • 4(f) ^ etfox) . . . eWC-^K&v*)) 

(6.61) 

where we have taken into account the identity R(x x )i?(x) = (q — xq 1 )(q r — x 1 q 
put a = (N + 1) and used the notations (2.5), (6.52). It is clear that (6.61) is the 
i?-matrix image of (5.48) for x = z, £j = 1 and yf = Vl Ztf x ■ The quantum trace 
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(6.60) of (6.61) coincides with the i?-matrix image of the transfer matrix type 
element (5.49). 

Thus, we have demonstrated that the integrable models based on the consider- 
ation of the monodromy matrices (6.59) and models based on (5.48) in general are 
different and coincides only on their R matrix projections. This identification is 
clarified by the formula (6.61). 
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